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Let H and H, be real Hilbert spaces with inner products (, ) and ( , )+ , 
respectively, which induce the natural norms I] .I], ]I .]I+; we assume that 
H, c H both algebraically andtopologically with H, dense in H. Let HP 
denote the dual of H, via the inner product of H, i.e., H- is the completion 
of H in the norm 
Ih w>I 
Ilwll- = ,s,uHp, K’ 
In a recent work [ 1 ] this author announced results on stability and growth 
estimates for initial-history value problems associated with abstract 
integrodifferential quations ofthe form 
’ ut, - Nu + 
1 
K(t - r) u(t) dt = 0, (1) 
--cc 
where N E i$(H+, H-) and K(t), K,(t) E I,*((-co, co); .L&(H+ ,H-) ‘; the 
stability and growth estimates announced in [l] are derived in [2] and are 
applied in [2, 31, respectively, to the derivation f stability and growth 
estimates for ill-posed initial-history boundary value problems arising in 
linear isothermal viscoelasticity and the Maxwell-Hopkinson theory of rigid 
nonconducting material dielectrics with memory. As no definiteness 
assumptions are made on the operator N appearing in (1) the initial-history 
boundary value problems considered in[2, 31 are, in general, ill-posed; these 
problems are stabilized by using a variant of an idea due to John [4] and 
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’ P’(H+ , H_) denotes the space of bounded symmetric linear operators from H, into H- 
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restricting attention to solutions u E ~“([O, T); H,), T > 0 finite, which lie 
in classes of bounded perturbations of the form 
for some N > 0. More specifically we have demonstrated the following: 
suppose we associate with the integrodifferential Eq. (1) data of the form 
u(0) = f, u,(O) = g (fY fit E H+ >Y (2) 
u(r) = U(r), -co<r<o, (3) 
where U(*) E W(-% 0); H+) is prescribed and satisfies 
lim,,_ ]I U(t) - fl] + = 0, lim,,- II U,(t) - gll += 0, lim,+,- II Wll + = 0 and 
j?, IlU(t)]l+ dt < co. Then 
THEOREM (Bloom [ 11). Let u E JV be any solution of (l)-(3) and set 
m P, 43) = IluWll’ + m + b)*, O<t<T, 
where p, t, are arbitrary nonnegative real numbers. If 
with* 
-h KW) > x 11~11: 3 VVEH, (44 
then 
(4b) 
FF” - F’* > -2F(W(O) + ,8), O<t< T, (5) 
where 
(6) 
with 8(t) = f (1 ull)* - j(u(t), Nu(t)) the total energy associated with (l)-(3) 
and ki = ki(y, T, N, Ilfll+ , JY, IlU(t) dt), i = 1, 2, computable constants. 
The differential inequality (5) may then be integrated so as to yield a set 
of stability and growth estimates for solutions u E JV of the initial-history 
2 The constant y > 0 denotes the embedding constant for the map i: H, + He so that IIvI/ Q 
~llvll+, VvEH+. 
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value problem (l)-(3). The precise form of the estimates obtained depends, 
of course, on the relationship assumed between the initial energy a(O) and 
the quantities ki, i= 13% SUP[O,~) II%~cH+,H_j, SUP~~,~, IIKtlly~cH+,H_j; a 
typical result is delineated below: 
THEOREM (Bloom [ 1 I). Let u E M be any solution of (l)-(3) and 
assume that a(O) < -k for some k > 0. If K(t) satisfies (4a) and (4b), 
(f, g) > 0 and3 
sup II WI [o,m) YW,+.H-) G Wltk, YT + k,), 
Ilu(t > Ilfl12 ewN2. Mfll’~~ O<tcT, (7) 
The purpose of the present note is to weaken the conditions (4a) and (4b) 
imposed on the operator K(0) in [ l ]-[3 1. In the application to one- 
dimensional isothermal linear viscoelusticity, whichis presented in [2], for 
example, the hypotheses (4a-b) impose on f(t), the relaxation function of the 
viscoelustic body4 the condition that y’(O) < -tc with K > T supt,,,, I$(t)l; 
while it is now well established that the relaxation functions of one- 
dimensional viscoelustic materials should be monotonically nonincreasing the
hypotheses (4a) and (4b) require that g(t) be decreasing suficiently fast at 
t = 0. The hypotheses (4a) and (4b) also place more stringent requirements 
on the memory functions which occur in [3] than one would like to have in 
applications i volving rigid ielectrics with memory. For solutions u E JY of 
(l)-(3) we will show that it is possible toweaken (4a) and (4b) and to 
require only that 
and 
-(v, K(W) > 0, VVEH, (4’4 
Z(.) E L,[O, co), y(.)EL,[O,co) with?(O)=O, (4’b) 
’ In other words we require that 8(O) < 0 with la(O)] 2 s~p,~,~, liK(t)]i~~rH +,” ). 
(@I YT + w/m. 
4 The integrodifferential equ tion of one-dimensional inear isothermal viscoelasticity is of
the form 
for, say, (x, t) E 10, l] x (-co, 7’) where p is the density and u(x, t) the displacement at the 
point x E [0, 1 ] and time I E (-co, T). In this particular pplication, K(t) = y(t) 8*/3x*, where 
the derivatives are to be taken in the sense of distributions, and H, = HA(O, l), H = L,(O, 1), 
H- = H-‘(0, 1), the usual Sobolev spaces, with (a, u) = i: U(X) u(x) dx, (u, u)+ = 
J-A (~u/c3x)(ib/~x) dx. 
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where 
Exponential growth estimates may again be obtained for solutions u E JV of 
(l)-(3) on finite time intervals of the form [0, T) provided a(O) is sufficiently 
negative.’ Our results are derived by using a mixed logarithmic onvexity- 
concavity argument of the type employed by this author [5] to derive 
asymptotic lower bounds for solutions of damped evolution equations in 
Hilbert space. To simplify the analysis we will make one additional 
hypothesis concerning the past history, i.e., that 3~, > 0 such that U(t) = 0, 
---co < 5 < -5, and we set A4 = supI -r,,,j I] U ]I +; our growth estimates are 
then immediate consequences of the following: 
THEOREM. Let u EN be a solution of (l)-(3) with K(e) satisfying (4’a) 
and (4’b). Suppose that a(O) < 0 with 
then 
I a(o)I a Yvf + N2(4 l141L,,0,m) + Il~llL,[o,m,>~ (8) 
FF” - O,<t<T, 0</3<co, (9) 
where F(t) = )I u(t)l12. 
Proof. From the definition of F(t) we have F’(t) = 2(u, u,) and F”(t) = 
2 11 u, /I2 + 2(u, u,,). A direct computation then yields the identity 
,I’-($?+ l)F’*=4(/3+ 1)S;t 2F{(u,u,)-(2pt l)llu,I12}, (lo) 
where S;(t) = J/u/I’ llufl12 - (u, u,)’ > 0 by the Schwarz inequality. Thus for 
any /3 > 0 we have the differential nequality 
FF”-(/3+ l)F’2>2FRo, O<t<T, (11) 
’ In fact the growth estimate obtained from the theorem below, for the case 8(O) ( 4, with 
k > 0 suffkiently large, is sharper than the exponential growth estimate (7) which then results 
as a special case via a limiting process. 
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where by (I) and (10) 
R,(t) = (u, Nu) - (28 + 1) 11 u, iI2 - (u, if 
-m 
K(t - r) u(r) dr) 
= -W + lW,llz - (~7 WI 
(12) 
If we use the definition f the enrgy Z’(t), this last expression becomes 
&&) = -2(2b + 1) a(t) - 2P(u, Nu) - u, ,f 
-m 
K(t - 7) u(r) d$ . (13) 
We now take the inner product in H of (1) with ut and integrate so as to 
obtain 
a(r)=QO)-j’i(u,. i’ K(i,)u(A)dA) dt 
0 cc 
(14) 
which, in turn, implies that 
R,(t) = - 2(2/3 + 1) h“(O) - 2D(u, Nu) 
K(r-A)u(A)dA dt 
1 
(15) 
-00 
If we take the inner product in H of (1) with u and use the definition f F(t), 
we easily obtain the identity 
fF”=Ijull12+ (u,Nu)- 
which implies that 
-2P(u,Nu)=-PF+2P)Iu,11’-22P u, -’ 
( L 
K(t-r)u(r)dr . (16) 
1 
We now substitute from (16) into (15), collect terms, and drop the 
nonnegative xpression proportional to IIu,l12 so as to obtain the estimate 
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dT. (17) 
Combining the estimate in (17) with the differential inequality (11) then 
yields 
FE”‘-@+ l)F’*>-2pFF”-4(2P+ l)F8(0) 
K(s-A)u(A)d;c dz (18) 
which is easily seen to be equivalent o 
F’* > - 4F&(O) - 2F 
-m 
+4F * 
-02 
=2F[2iI(O)l-( u,f_K(I--)u(r)d$ 
in view of our assumption that a(O) < 0. As 
K(r-l)u(J)dk) 
K,(r -A) u(A) dA - (u(t), K(O) u(t)), 
the above differential inequality may be recast in the form 
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> 21; 2 / i?(Ojl - 2 5’ (u(z), K(0) U(Z)) dt 
0 
T K,(r-/I)u(A)dA 
-m 
K(-r)u(r)dr K(t - r) u(r) dr 
-cc )I 
However, in view of the definition of Jlr and our assumption that 
-(v, K(0) v) > 0, Vv E H,, is clear that (21) implies that 
FF” - ($$) F” > 2FF 1 2 lc+Y(O)l - 2( f, I” 
cc 
K(-r) u(r) dr) 
K(t - t) u(r) dz 
)I 
(22) 
The theorem will be proved if we can show that the right-hand side of (22) is 
nonnegative, for u EN, when Z(O) satisfies (8); to this end we have the 
following series of estimates: 
K(-r) u(r) ds 
)I 
< llfll j” IIW-&u,+,H-) Ilu(t) d7 
--oo 
04fll+~ sup Ilull, f” IW-dl~iw+,~ ,dr 1 -r,,.O) --cc 
GYIIfll, * sup I-r,.O) Ilull, rn IIW>llil,w,,~, dr 0 
=YlIfll+ ’ sup IlUll. lje/‘llL,,0,00~~ 1 --Tm,O) 
so that 
(23) 
Also, 
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K(t - 7) u(r) dr 
-00 
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< Ilu(t>ll f’ II W - 7)llyc,,+,u /lu(7)il+ dr 
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J-m 
< Y( SUP Ilull,)” if IlW - ~)~IIY,w+,H~I d7 
I--rm,T) _ -02 
< y( r.w~o, Ilull, t W2 j” liW9Lw+.~~1d~ 
< yw. + JO* Ilar,,o,m~ a 
so that 
( j ’ U, W - 7) u(7) d7 2 -y(M + W2 Il4r.,,o,cm,. ) (24) -a? 
Finally, we have 
)I 
dr 
= Y(M t W2 jam j;“, IlKJ.~)lli/~w+,~_~ 4 d7 
< y(M t N)' j" (~@)l;+'m) dr 
0 
= y(M t iv)2 jm2(7 + tm) dr 
0 
= y(M + W* jm y(A) dA < 04 t W2 IlJ%,,o,m, 7 
TCC 
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in view of our assumption that y(O) = 0. Thus 
I - 
i( L u(r), T K,(r -A) 42) dh dr 2 -YW + N)* Il~II,I~o,,,. (25) 0 
The desired result, i.e., (9), now follows directly if we combine the estimates 
(23)-(25) with the differential nequality (22) and employ the hypothesis (8) 
relative to1 kY(O)l. Q.E.D. 
COROLLARY. Under the same hypotheses which prevail in the theorem 
above any solution u E JV of (l)-(3) must satisfy 
1 +2(1 -a)++] r’(l-n), O<t< T (26) 
foralla,f<a< 1. 
Proof: For any /?, 0 (/3 ( co, set a = (/3 + 1)/(2/3 + 1); clearly a ranges 
over (4, 1) as p ranges over (0, co). By the theorem we then have 
FF” - aF” > 0, O<t<T,i<a<l. (27) 
However, for any t > 0 
[F”-“‘]“(t) = (1 -a) F-“-‘(t)[F(t) F”(t) - aF’*(t)] 
and thus 
[Ffl-=)1”(t) > 0, O<t<T,f<a<l, (28) 
which implies that, for 0 < t < T, 
F(lMa)‘(t) > (1 - a) F-“(O) F’(O), ;<a<1 
A second integration then yields 
F”-“‘(t) > F(‘--a)(0) + (1 - a) F-“(O) F’(O)t 
(29) 
= F”-“‘(O) 1 + (1 + a)- F’(O) t 
F(O) I 
orasl-a>0 
F’(o) t *‘(‘-a) 1 + (1 -a)- 1 F(O) ’ O<t<T, (31) 
and the stated estimate now follows directly from the definition of F(t); 
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finally, if we take the limit in (31) as a + l-, then the elementary fact that 
lim,,[ 1 + Ax]“’ = ’ e establishes the exponential growth estimate (7) on 
10, T) under the conditions of the above theorem. 
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